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A general field theoretic model of directed percolation with many colors that is equivalent to a
population model (Gribov process) with many species near their extinction thresholds is presented.
It is shown that the multicritical behavior is always described by the well known exponents of
Reggeon field theory. In addition this universal model shows an instability that leads in general to
a total asymmetry between each pair of species of a cooperative society.
PACS numbers: 64.60.Ak, 05.40.+j, 64.60.Ht
It is well known that the Gribov process [1,2] (Reggeon
field theory [3–5], stochastic Schlo¨gl model [6]) is a
stochastic multiparticle process which describes the es-
sential features of a vast number of growth phenomena of
populations near their extinction threshold and without
exploitation of the environment. The transition between
survival and extinction of the population is a nonequi-
librium continuous phase transition phenomenon and is
characterized by universal scaling laws. The Gribov pro-
cess belongs to the universality class of local growth pro-
cesses with absorbing states [7,8] such as directed per-
colation [9–11], the contact process [12–14], and certain
cellular automata [15,16], and is relevant to a vast range
of models in physics, chemistry, biology, and sociology.
I have been studying this transition for some time by
renormalized field theoretic methods [7]. In this letter I
will show that the Gribov process with many interact-
ing species (directed percolation with many colors) also
belongs to this universality class. In addition this mul-
ticolored directed percolation exhibits a new interesting
phenomenon: even if the dynamics of the different col-
ors is modeled symmetrically, there exists an instability
which leads to a differentiation of the species in their ac-
tive state. This color symmetry breaking leads to many
different stable forms of a cooperative society.
The multiparticle processes under consideration are
characterized by the following four principles:
1. Self-reproduction (“birth”) is error free, but may
be different for each species; particles can be
annihilated with rates depending on the species
(“death”).
2. The particles interact with species-dependent cou-
plings (“competition” and “cooperation”).
3. Particles diffuse in a d-dimensional space (“mo-
tion”).
4. The states where some species are extinct are ab-
sorbing.
In the language of chemistry, the system corresponds to
an autocatalytic reaction scheme of the form Xα ↔ 2Xα,
Xα → 0, Xα + Xβ → kXα + lXβ, where the last reac-
tion subsumes the interactions of species with different
colors α, β, and k, l = 0, 1. A description in terms of
particle densities typically arises from a coarse-graining
procedure where a large number of microscopic degrees of
freedom are averaged out. The influence of these is sim-
ply modeled as Gaussian noise-terms in a Langevin equa-
tion which have to respect the absorbing state condition.
Stochastic reaction-diffusion equations for the particle
densities n (r, t) = (n1 (r, t) , n2 (r, t) , . . .) in accordance
with the four principles given above are constructed as
∂tna (r, t) = λα∇
2nα (r, t) +Rα (n (r, t)) nα (r, t)
+ζα (r, t) , (1)
where the first term on the right hand side models the
(diffusive) motion, and the Rα are the reproduction rates
of the particles with color α. These deterministic terms
are constructed proportional to nα in order to ensure the
existence of an absorbing state for each species. Expand-
ing the rates Rα in powers of n results in
Rα (n (r, t)) = −λα

τα + 1
2
∑
β
gαβ nβ (r, t)

 (2)
up to subleading terms. The Gaussian noises ζα (r, t)
must also respect the absorbing state condition, whence
〈ζα (r, t) ζβ (r
′, t′)〉 = λαgαδα,β nα (r, t)
×δ (r− r′) δ (t− t′) (3)
also up to subleading contributions. In this letter
I only consider color-independent diffusion constants
λα = λ. Then, for stability, it must be demanded∑
α,β nαgαβnβ ≥ 0 for all nα ≥ 0. The “temperature”
variables τα measure the difference of the rates of death
and birth of the species α. Thus the temperatures may be
positive ore negative. I am interested in the case where all
1
τα ≈ 0 (up to fluctuation corrections) defining the mul-
ticritical region. Under these conditions all the species
live on the border of extinction.
The equations of motion (1) show (absorbing) homoge-
neous steady state solutions with any combination of ex-
tinct species. In the infinite volume limit one finds tran-
sitions to steady states with nα ≥ 0 which are given in
mean field theory as the solutions of
∑
β gαβnβ = −2τα
if nα > 0. This set of equations in general offers mul-
tiple different solutions if some or all of the τα are neg-
ative. Each of these solutions defines a different homo-
geneous phase of the active system. In some of these
phases only one of the species is alive, in the other phases
several species act cooperatively. In the space spanned
by the temperature variables τα, the phases are sep-
arated by surfaces of first or second order transitions
where a species becomes extinct. All the critical sur-
faces meet together in a multicritical point where all
temperatures are zero. Take e.g. the simplest case of
a totally symmetric three-species system with gαβ = g
and τα < 0 for α, β = 1, 2, 3. The ternary phase diagram
is shown in Fig.1. In this case there only exist phases
where one species is nonzero and the two others are sup-
pressed. Here stable cooperative phases with more than
one species are not possible.
In general, this mean field picture continuously de-
pends on the coupling constants gαβ. In the following
I will show that in spatial dimensions lower than 4, the
stochastic equations (1-3 ) produce universal macroscopic
steady state equations which correspond to only a dis-
crete set of choices for the coupling matrix g that I call
strategies. The stable ones are distinguished by a total
asymmetry between the members of each pair of species,
in a mean field picture: gαβ or gβα is zero. This implies
that only one of these partners directly influences the
evolution of the other. These stable strategies with dif-
ferentiated species permit cooperative phases with more
than one species nonzero and continuous phase transi-
tions. All the continuous phase transitions of each strat-
egy are characterized by the directed percolation critical
exponents of the one-species Gribov process.
In the following I will be interested in the behavior of
correlation- and response functions in the vicinity of the
multicritical point where all τα are small. The critical
properties are extracted using renormalized field theory
[17–22] in conjunction with an ε-expansion about the up-
per critical dimension dc = 4. It is then convenient to
recast the Langevin equation as a dynamical functional
[23,24]
J [s˜, s] =
∫
dt ddr
∑
α

s˜α

∂t + λα (τα −∇2)
+
1
2
∑
β
gαβsβ −
1
2
gαs˜α

 sα

 , (4)
where sα (r, t) ∼ nα (r, t) are rescaled density variables
which ensure that gαα = gα. The s˜α (r, t) denote
the response fields (the MSR auxiliary variables [25]).
Correlation- and response functions can now be expressed
as functional averages of monomials of s and s˜ with
weight exp {−J } . The responses are defined with re-
spect to additional local particle sources h˜α (r, t) ≥ 0
in the equation of motion (1). By these sources a fur-
ther term −
∑
α h˜αs˜α is added to the integrand of the
dynamic functional J (4). Coupling constants invariant
under the rescaling sα → cαsα, s˜α → c
−1
α s˜α are given
by fαβ = gαβgβ. The scaling by the usual convenient
length µ−1 and time scale
(
λµ2
)
−1
, respectively, shows
s˜α ∼ sα ∼ µ
d/2, fαβ ∼ µ
ε where ε = 4 − d which sig-
nals dc = 4 to be the upper critical dimension. A further
inspection of (4) and a glance at the perturbation ex-
pansion shows that the functional J includes all relevant
couplings and is thus renormalizable.
To determine the renormalizations, one has to cal-
culate the primitively divergent vertex functions Γα,α ,
Γαα,α = Γα,αα , Γα,αβ with nonnegative µ-dimensions.
Here the first and the last part of indices denotes the
amputated s˜- and s-legs, respectively. Dimensional reg-
ularization and minimal renormalization is used. The
ε-poles are absorbed by multiplicative renormalizations
of the fields and couplings which I choose in the form
sα → s˚α =
√
Z
(α)
s sα , s˜α → ˚˜sα =
√
Z
(α)
s s˜α ,
λα → λ˚α =
Z
(α)
λ
Z
(α)
s
λα , τα → τ˚α =
Z
(α)
τ
Z
(α)
λ
λα ,
fαβ → f˚αβ = G
−1
ε µ
ε Z
(αβ)
u
Z
(β)
s Z
(α)
λ Z
(β)
λ
uαβ . (5)
Here Gε = Γ (1 + ε/2) / (4pi)
d/2
is a convenient constant.
From the topology of the diagrams of the perturbation
expansion it is easily seen that the vertex functions do
not depend on coupling constants with indices other
than the ones of the vertex functions itself. Therefore
the renormalization factors Z
(α)
i with i = (s, τ, λ) and
Z
(α)
u := Z
(αα)
u that are determined from Γα,α and Γαα,α
are already known from the simple Gribov process. Thus
the renormalization group flows of the fields and parame-
ters with exception of the gαβ with α 6= β do not depend
on the coupling between different colors. It follows at
once that all the critical exponents are given by the usual
directed percolation exponents and the fixed point values
of the “diagonal” renormalized couplings uαα = uα are
all independent from the color α.
The flow of the couplings between different colors fol-
lows from the Z
(αβ)
u with α 6= β. The symmetric fixed
2
point might be attractive. To disprove that I have calcu-
lated these renormalizations up to two loop order for the
special case λα = λ, uα := uαα = u with the result
Z(αβ)u = 1 +
1
4ε
(6u+ uαβ + uβα) +
1
16ε
[(
36
ε
−
19
2
)
u2
+
(
8
ε
−
5
4
)
uuβα +
(
1
ε
−
3
2
ln
4
3
)(
u2αβ + u
2
βα
)
+
(
2
ε
− 1
)
uαβuβα +
(
8
ε
−
9
4
+ 3 ln
4
3
)
uαβu
]
.
Collecting together these and the known results for the
other renormalization factors, one easily gets the flow
equation for the renormalized coupling constants
µ
∂
∂µ
uαβ = βαβ (6)
with the Wilson-functions
βαβ =
[
−ε+ u+
1
4
(uαβ + uβα)−
1
8
uαβuβα
−
(
97
128
+
53
64
ln
4
3
)
u2 −
(
9
32
−
3
8
ln
4
3
)
uuαβ
−
5
32
uuβα −
3
16
ln
4
3
(
u2αβ + u
2
βα
)
+ . . .
]
uαβ . (7)
For α = β, the equation βαα =: β (uα) = 0
yields the nontrivial stable fixed point value u∗ =
2
3ε
{
1 +
(
169
288 +
53
144 ln
4
3
)
ε+ . . .
}
. For each pair of species
with colors α 6= β, fixed point solutions of (6) with
at least one zero coupling are either given by uαβ∗ =
uβα∗ = 0, or by the pair of solutions uαβ∗ = (1 + εαβ)w∗
with εαβ = −εβα = ±1 and w∗ = u∗ + O
(
ε3
)
. To ana-
lyze the case with uαβ∗ and uβα∗ both nonzero, one sets
uαβ∗ = u∗+vαβ. To first order in ε one finds a fixed point
line vαβ + vβα = 0. But using the higher order terms of
(7), one gets vαβ = 0+O
(
ε2
)
. Then it can be easily seen
that vαβ must be zero order for order in the ε-expansion.
This proves that in this case the fixed point is indeed
symmetric uαβ∗ = uβα∗ = u∗. Thus I have found from
this analysis that for each pair of species independent of
the other ones three types of fixed points for the couplings
exist: both couplings vanish (decoupled), or only one of
the couplings is nonzero (asymmetric), or both couplings
are nonzero and equal to the diagonal one (symmetric).
The stability of the various fixed points is analyzed
by the calculation of the eigenvalues of the matrix of
derivatives of the Wilson-functions βαβ , ββα. This anal-
ysis yields as stable fixed points only the asymmetric
ones. The decoupled fixed points are doubly insta-
ble, the two instability exponents are equal to ωd =
1
2u∗
(
1− 98u∗
)
+ . . . = ε3 (1− ε 0.0573 + . . .). The sym-
metric fixed points have one instability exponent ωs =(
1− 3 ln 43
)
u 2
∗
+ . . . = ε2 0.0609 + . . .. I especially note
the very slow crossover from the symmetric to the asym-
metric fixed point.
To get a simple qualitative impression of the behavior
of the dynamic system at its asymmetric fixed points, I
consider, in the active region with all −τα =: g rα ≥ 0,
a renormalized mean-field theory of the equations (1,2)
for spatially homogeneous densities n¯aand set gαα = g,
gαβ = g (1 + εαβ) and
∑
α n¯a = n¯:
∂tn¯a = λg

rα − 12 n¯− 12 ∑
β
εαβ n¯β

 n¯α . (8)
The decision which of all the εαβ = −εβα are ±1 defines
a stable strategy. The strategies may be pictured by a
strategy-diagram. Each corner of such a diagram repre-
sents a color α. Consider now each pair (α, β) of corners,
they are connected by a line with an arrow pointing at α
if εαβ = 1 or vice versa if εαβ = −1. The arrows there-
fore represent the “pressure” on the reproduction rate
resulting from one species to another. The diagrams for
the stable strategies are therefore fully connected by such
directed lines. For a system with three species e.g. two
stable strategies are possible, a cyclic and a hierarchic
one (upper part of Fig.2). In (8) the influence on the re-
production rates of the society as a whole is described by
the common “pressure” p = gn¯/2. If now εαβ = 1 e.g.,
the part of p resulting from the species β on the repro-
duction of α is doubled whereas the part of the common
pressure resulting from the species α on the reproduc-
tion of β is fully compensated. As a result there exist
many cooperative phases with more then one species as
stationary solutions of the mean field equations of mo-
tion. As an example the phase diagrams for the stable
strategies of a system of three species is shown in Fig.2
(lower part).
Now the unstable strategies can be pictured as di-
agrams with disconnected corners for a pair (α, β) in
the uncoupled case gαβ = 0 (then there is no pressure
from α on β and vice versa), and connected corners but
without direction for a pair (α, β) in the symmetric case
gαβ = gβα (then the species α, β do influence their repro-
duction rates only by means of the common pressure p).
It is easily seen that in the fully symmetric case (for three
species see Fig.1) more then one species can coexist only
if their temperatures τα = −g rα are all equal. If for one
color α the parameter rα is slightly increased, the species
α suppresses all the others, if rα is decreased, it becomes
extinct by the common pressure of all the others.
Summarily I have shown that also in stochastic mul-
tispecies models of populations that develops near the
extinction threshold of all the species and therefore have
many absorbing states, the critical properties at the mul-
ticritical point and at all continuous transitions are gov-
erned by the well known Gribov process (Reggeon field
theory) exponents (for a previous simulational result on
3
a two-species system which seems to agree with my find-
ings see [26]). In other regions of the phase diagram of
course more complicated critical behavior may arise such
as multicritical points with different scaling exponents
(see the recent work of Bassler and Brown [27]). The
models considered here have many absorbing states (each
combination of species may be extincted irrespectively of
the other ones) and therefore are different from models
which were considered by Grinstein et al. [28] where it
was shown that multispecies systems with one absorbing
state belong to the Gribov universality class. In addition
I have shown that the universal properties of interspecies
correlations and the phase diagram are determined by to-
tally asymmetric fixed point values of the renormalized
interspecies coupling constants. This eventually leads to
a system working cooperatively. It is interesting that
the asymmetry between the pairs of species seems to be
the condition for this cooperation near extinction. The
model considered here is a simple but universal model
of such a cooperative society and should therefore have
many applications in all fields of natural science up to
sociology.
ACKNOWLEDGMENTS
I thank S. Theiss for a critical reading of the
manuscript. This work has been supported in part by
the SFB 237 of the Deutsche Forschungsgemeinschaft.
[1] P. Grassberger and K. Sundermeyer, Phys. Lett. 77B,
220 (1978).
[2] P. Grassberger and A. de La Torre, Ann. Phys. (New
York), 373 (1979).
[3] V. N. Gribov, Sov. Phys. JETP 26, 414 (1968).
[4] V. N. Gribov and A. A. Migdal, Sov. Phys. JETP 28,
784 (1969).
[5] M. Moshe, Phys. Rep. C 37, 255 (1978).
[6] F. Schlo¨gl, Z. Phys. 225, 147 (1972).
[7] H. K. Janssen, Z. Phys. B 42, 151 (1981).
[8] P. Grassberger, Z. Phys. B 47, 365 (1982).
[9] S. R. Broadbent and J. M. Hammersley, Proc. Camb.
Philos. Soc. 53, 629 (1957).
[10] J. L. Cardy and R. L. Sugar, J. Phys. A: Math. Gen. 13,
L423 (1980).
[11] S. P. Obukhov, Physica A 101, 145 (1980).
[12] T. E. Harris, Ann. Prob. 2, 969 (1974).
[13] T. M. Liggett, Interacting Particle Systems, (Springer,
New York, 1985).
[14] I. Jensen and R. Dickman, Physica A 203, 175 (1994).
[15] W. Kinzel, in Percolation Structures and Processes,
edited by G. Deutsch, R. Zallen, and J. Adler, (Hilger,
Bristol, 1983).
[16] W. Kinzel, Z. Phys. B 58, 229 (1985).
[17] D. J. Amit, Field Theory, the Renormalization Group
and Critical Phenomena, (World Scientific, Singapore,
1984).
[18] J. Zinn-Justin, Quantum Field Theory and Critical Phe-
nomena, 2nd revised edition, (Clarendon, Oxford, 1993).
[19] R. Bausch, H. K. Janssen, and H. Wagner, Z. Phys. B
24, 113 (1976).
[20] C. DeDominicis and L. Peliti, Phys. Rev. B 18, 353
(1978).
[21] H. K. Janssen, in Dynamical Critical Phenomena and Re-
lated Topics (Lecture Notes in Physics, Vol. 104), edited
by C. P. Enz, (Springer, Heidelberg, 1979).
[22] H. K. Janssen, in From Phase Transitions to Chaos,
edited by G. Gyo¨rgyi, I. Kondor, L. Sasva´ri, and T. Te´l,
(Worl Scientific, Singapore, 1992).
[23] C. DeDominicis, J. Phys. (France) Colloq. 37, C247
(1976).
[24] H. K. Janssen, Z. Phys. B 23, 377 (1976).
[25] P. C. Martin, E. D. Siggia, and H. H. Rose, Phys. Rev.
A 8, 423 (1973).
[26] S. Cornell, M. Droz, R. Dickman, and M. C. Marques, J.
Phys. A: Math. Gen. 24, 5605 (1991).
[27] K. E. Bassler and D. A. Brown, Phys. Rev. Lett. 77, 4094
(1996).
[28] G. Grinstein, Z-W. Lai and D. A. Browne, Phys. Rev. A
40, 4820 (1989).
FIG. 1. Symmetric strategy of a three-species-system and
its ternary phase diagram in the plane τ1+ τ2 + τ3 = −r < 0.
The numbers α at the corners denote the points where the
corresponding τα = −r and the other temperatures are zero.
Dashed lines indicate discontinuous transitions between the
one-species phases.
FIG. 2. Cyclic and hierarchic strategy of a three-species
system and their ternary phase diagrams. The numbers in-
side the phase diagrams denote the colors of the living species.
Solid lines indicate continuous transitions.
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